Abstract-In an array of identical resonators coupled through weak springs, a small perturbation in the structural properties of one of the resonators strongly impacts coupled oscillations causing the vibration modes to localize. Theoretical studies show that measuring the variation in eigenstates due to such vibrationmode localization can yield orders of magnitude enhancement in signal sensitivity over the technique of simply measuring induced resonant-frequency shifts. In this paper, we propose the application of mode localization for detecting small perturbations in stiffness in pairs of nearly identical weakly coupled microelectromechanical-system resonators and also examine the effect of initial mechanical asymmetry caused by fabrication tolerances in such sensors. For the first time, the variation in eigenstates is studied by coupling the resonators using electrostatic means that allow for significantly weaker coupling-spring constants and the possibility for stronger localization of vibration modes. Eigenstate variations that are nearly three orders of magnitude greater than the corresponding shifts in the resonant frequency for an induced perturbation in stiffness are experimentally demonstrated. Such high electrically tunable parametric sensitivities, together with the added advantage of intrinsic common-mode rejection, pave the way to a new paradigm of mechanical sensing.
I. INTRODUCTION
O VER THE PAST decade, resonant sensing has emerged as a promising technique for the detection of small linear parametric variations in the structural properties of micromechanical sensors. The technique has been successfully implemented in a wide range of sensing applications, including acceleration monitoring [1] , strain sensing [2] , angular-motion detection [3] , pressure sensing [4] , and mass detection [5] , among others. In all such sensors, the output signal corresponds to a shift in the resonant frequency of a vibrating micromechanical structure that is subjected to small perturbations in the structural parameters (stiffness and/or mass). The naturally high frequency sensitivity to variations in the structural properties of a micromechanical resonator [6] , [7] and the quasi-digital nature of the signal [1] make this method very attractive for In what follows, we propose the use of an alternate technique of detection wherein the dramatic shifts in eigenstates caused by vibration localization in an array of electrically coupled resonators are used as a means of enhancing the parametric sensitivity even further than that attained using the resonant-frequency-shift approach. When mechanically identical resonators are coupled through weak springs, the vibrations propagate evenly throughout the entire system. The presence of any structural irregularity between the identical resonators, however, inhibits the propagation of vibrations and leads to (sometimes severe) confinement of vibration energy to small geometric regions of the system. The extent of this vibration-energy confinement or localization depends not only on the magnitude of the irregularity that disturbs the periodicity but also on the strength of internal coupling between the resonators, with weaker coupling leading to stronger localizations. This phenomenon consequently results in drastic variations in eigenstates that may be as high as orders of magnitude greater than the corresponding shifts in the resonant frequency induced by the same structural perturbation.
Ever since this phenomenon of mode localization was first predicted and studied by Anderson in 1958 in the field of solidstate physics [8] , it has excited considerable interest in other disciplines as well, particularly in the area of acoustics and structural dynamics [9] - [12] . However, relatively very little work has been done with regard to using this phenomenon in a sensing mechanism. Spletzer et al. recently reported the use of this approach for detecting small changes in mass in an array of mechanically coupled microcantilevers and showed that the shifts in eigenstates could be as high as two to three orders of magnitude greater than the resonant-frequency variations induced by the same perturbation in mass in a single cantilever of the same dimensions as one of the coupled structures [13] , [14] . In this paper, unlike the previous attempts in [13] and [14] , we use the phenomenon of mode localization as a method of detecting small perturbations in stiffness. Furthermore, for the first time, we explore the possibility of using electrical coupling rather than mechanical coupling because this can yield significantly weaker coupling-spring constants and, consequently, stronger vibration localization, thereby enhancing the signal sensitivity of such sensors. The shifts in eigenstates for a given parametric perturbation in stiffness are experimentally demonstrated to be about three orders of magnitude greater than the corresponding variations in the resonant frequency.
Manufacturing tolerances in micromachining processes make it difficult for two structures to be identical. This plays an important role in determining the extent of variation in eigenstates for an induced structural perturbation in one of the coupled resonators. An experimental investigation of the effects of such initial mechanical asymmetries on the performance of these sensors is presented here by comparing the results of two coupled-resonator pairs with different levels of initial mechanical asymmetry.
II. THEORY
In order to understand the underlying physics, consider two resonators coupled through a spring (k c ), as represented in the discretized model shown in Fig. 1 .
When the two coupled structures are identical (i.e., when m 1 = m 2 = m and k 1 = k 2 = k), the system is perfectly symmetric about the coupling spring (k c ), and the free-vibration response of the undamped system is given by
Taking [ x 1 x 2 ] T = u 0n e iωt (n = 1, 2), the associated nondimensionalized eigenvalue problem can be expressed as
for the mode shape u 0n , where λ 0n = (ω 2 n )/(k/m) (ω n represents the circular resonant frequency of vibration). Equation (2) can be rewritten as
where K o and M o represent the stiffness and mass matrices, respectively, given by
and λ 0n and u 0n denote the nth nondimensionalized eigenvalue and eigenvector, respectively. Since the mass and stiffness matrices are both symmetric, the n eigenvalues are all real, and the eigenvectors are orthogonal such that
where δ n m is the Kronecker delta function defined to be
The initial vibration response of this unperturbed perfectly symmetric system may then be obtained by solving (3) to get
A slight perturbation in stiffness or mass on either of the coupled structures results in a break in the symmetry, thereby causing a modification in both the eigenvalues and eigenvectors. The new modes of vibration of the slightly perturbed system can be obtained by solving
where matrices K and M represent the symmetric perturbed stiffness and mass matrices, respectively, which are given by
and λ n and u n denote the perturbed nondimensionalized eigenvalues and eigenvectors of the system, respectively. In (9), δK and δM correspond to the symmetric first-order perturbation matrices. As long as the modifications made are small, the eigensolution of the unperturbed system can be used to derive approximate solutions for the perturbed case [15] . Hence, a perturbation approach can be used to solve for the eigenvalues and eigenvectors of the new system
where δλ n and δu n represent the first-order perturbations in the nth eigenvalue and eigenvector, respectively. Since the general motion of the unperturbed system can be expressed as a linear combination of modal deformations in u 0n 's, the nth first-order eigenvector perturbation can also be written as
where α in 's are small coefficients that are to be determined. Substituting (9)- (11) into (8) and keeping only the first-order perturbation terms
Premultiplying the aforementioned equation by u T 0i and applying the orthonormal relationship in (5) for the case when i = n, we get
Premultiplying (12) by u T 0i for the case when i = n yields α nn is yet to be determined. The eigenvector u n , being the solution of (8), must also satisfy the orthonormal relationship of (5) and, hence, for the nth vector
Substituting (9)- (11) into (15) and simplifying yield
Thus, the nth perturbed eigenvalue and eigenvector can be expressed as
Consider the case when there is a small perturbation in the stiffness of one of the structures (k 2 new = k 2 + Δk, where Δk denotes the change in stiffness) and no perturbation in mass. Substituting this back into (18) and simplifying, we get
Equation (19) represents the relative shift in eigenstates (the relative shifts in the normalized two component eigenvectors of the system deduced from the amplitudes of vibration of each of the resonators at resonant frequencies) for a given perturbation in stiffness (Δk) in one of the coupled resonators. Comparing this with the conventional approach of measuring the relative shift in the resonant frequency [refer to (20) ], it can be observed that, for any value of k c < k/2, the relative shift in the mode shape is greater than that of the resonant frequency
Hence, by weakening the strength of the coupling spring between the two structures, the relative shifts in eigenstates that are orders of magnitude greater than resonant-frequency variations can be obtained. These drastic shifts in eigenstates are used here as a sensitive means of detecting very small perturbations in stiffness in a pair of nearly identical weakly coupled resonant structures. In contrast to prior works [13] , [14] , variations in eigenstates are studied by electrically coupling the two structures, as this allows for significantly weaker couplingspring constants than those that can be attained mechanically and, in consequence, the possibility of greater variations in vibration modes for a given stiffness perturbation.
A. Electrostatic Coupling
Electrostatic coupling is an electrical-based passive coupling technique that has been demonstrated in microelectromechanical-system (MEMS) filter applications in order to obtain very narrow bandwidths [16] . When two nearly identical resonators separated by a small coupling gap are subjected to different dc polarization voltages, the displacementdependent component of the attractive electrostatic force generated between the resonators results in a mechanical-springlike behavior. The direction of this displacement-dependent component is opposite to the force and hence leads to the formation of a negative electrostatic spring. If ΔV represents the difference in the dc polarization voltages of the two resonators, 0 , the permittivity of free space, A, the area of the cross section of the parallel plates in-between the two resonators, g, the coupling gap, then the stiffness of the electrostatic coupling spring between the two resonators can be written as [16] 
The negative effective value of the electrostatic spring alters the vibration behavior of the coupled resonators in comparison to that with a mechanical coupling spring, as the out-of-phase mode has a lower associated natural frequency as compared to the in-phase mode. Equation (7) now becomes
This is represented in Fig. 2 . From (21), it can be noticed that a variation in the difference in the dc-bias voltages applied on the two resonators (ΔV ) allows for the manipulation of the strength of the coupling spring and, consequently, the realization of a controllable coupling spring between the two resonators. The coupling springs are hence represented as springs with variable spring constants in Fig. 2 . This enables tuning of the parametric sensitivity [from (19) ].
It should be noted here that applying different dc voltages to the resonators shifts their initial center frequencies due to the variation in the effective stiffness caused by the same electrostatic-spring-softening effect explained earlier
where k eff denotes the effective stiffness of the resonator, k mech is the mechanical-spring stiffness, and k elec is the electricalspring constant. This would disrupt the initial mechanical symmetry of the unperturbed eigenvalue problem in (3). An effective method of avoiding unwanted induced asymmetry is to apply dc-bias voltages of equal absolute values but opposite polarities on the two resonators, to maintain the initial mechanical symmetry but, at the same time, allow for the realization of an electrostatic-coupling spring, of magnitude that is proportional to (2 * |V dc |) 2 [from (23)].
III. IMPLEMENTATION AND VERIFICATION

A. Device Descriptions
The concept is demonstrated using two devices of different resonator configurations-a pair of electrically coupled nearly identical double-ended tuning forks (DETFs) and a pair of electrically coupled double-free-free-beam resonators, whose optical micrographs are shown in Fig. 3(a) and (b) , respectively. Both devices were fabricated in a commercial foundry process using the silicon-on-insulator (SOI) MEMS process through MEMSCAP Inc., USA. Each of the tines in the tuning-fork configuration was designed to be 25 μm thick, 300 μm long, and 6 μm wide, with a gap of 6 μm between the tines, while each of the beams in the double-free-free-beam configuration was designed to be 400 μm long, 20 μm wide, and 25 μm thick and separated by a connecting beam of 40 μm length and 3 μm width near the nodal points of the first fundamental mode of vibration. All features, including the drive and coupling gaps, were designed to be 2 μm wide in both resonator configurations.
B. Device Characterization
Each of the resonators in both the DETF and doublefree-free-beam configurations were driven and sensed using capacitive transduction. For the DETF configuration, actuation was achieved using parallel plates of equal dimensions (260 μm long, 6 μm wide, and 25 μm thick), attached to either side as shown in the optical micrograph [ Fig. 3(a) ]. The resonators were actuated in the out-of-phase mode of vibration. This mode of actuation was chosen, as the out-ofphase motion of the resonators serves to cancel out the stresses at the anchors, thereby enhancing the quality factor (Q) of resonance. The fabricated devices were tested under vacuum (≈50 mtorr) in a custom vacuum chamber (Q factors of about 21 221 and 13 938 were experimentally measured at the first mode of vibration for the DETF and double-free-free-beam configurations, respectively). A schematic of the measurement setup is shown in Fig. 4 .
C. DETF Configuration
DC polarization voltages corresponding to −5 and +5 V were initially applied on resonators 1 and 2, respectively, of the DETF configuration [refer to Fig. 3(a) ]. This should create the unperturbed symmetric condition of the initial eigenvalue problem represented in (3). The voltage on resonator 2 was then lowered in steps of 1 V from the initial value of +5 to +2 V, thereby altering both the coupling-spring stiffness and the effective stiffness of resonator 2 relative to that of resonator 1. The variation in eigenstates of the system owing to induced symmetry breaking perturbations in the stiffness of resonator 2 was then deduced from the Y-parameter frequency responses of each of the two coupled resonators extracted from the S21 parameter measured on the network analyzer. The Y21 (admittance) parameter is proportional to the S21 (scattering) parameter. Hence, measurement of the S21-parameter response, in effect, yields the proportional admittance-frequency response of the system, which is termed here as the transmission response of the system. Thus, by simply measuring the S21 response, we get an output that is proportional to the frequency response of the system under test. Since we measure the relative shifts in amplitude, an absolute measure of the amplitude is not essential, and the eigenstates may be deduced directly from the measured S21 responses of each of the coupled resonators. The extracted S21 transmission responses of resonators 1 and 2 of the DETF configuration (after canceling the effects of capacitive feedthrough current using the procedure explained in [17] ) for different bias conditions are shown in Fig. 5(a) and (b), respectively. For real-time sensing, the effects of capacitive feedthrough current may be canceled by using a singleto-differential drive amplifier at the input, as explained in [18] .
In order to determine the eigenstates, the extracted responses are normalized to the applied dc-bias voltages, as will be explained in more detail in the next section. This allows individual transmission responses for each of the resonators to be obtained without the effect of mutual coupling currents that correspond to the displacement currents generated in the output of one resonator owing to its relative motion with respect to that of the neighboring resonator [19] .
D. DC-Bias Normalization
Assuming that the resonators and transduction ports are mechanically identical and that the same ac voltage is applied on both the resonators, as shown in the schematic of Fig. 6(a) , the device may then be modeled as a combination of two resonators, i.e., one with two transduction gaps and the other with a single transduction gap [20] , as shown in Fig. 6(b) and (c) .
Each of the resonators is represented by a series RLC tank circuit, with R m , L m , and C m denoting the motional impedance parameters, as shown in the electrical equivalent models. C f denotes the electrical feedthrough capacitance. I m and Z m represent the motional current and the electrical equivalent impedance of each of the resonators, respectively, which are given by [21] 
where η denotes the transduction coefficient given by (25) [21] η ∝ V dc .
In the case of no electrostatic coupling (i.e., when dc-bias voltages of equal magnitude and polarity are applied on both resonators), the measured transmission response of each of the resonators is entirely due to the motional current of the resonator itself. It can be observed that the measured motional current would then relate to that of a resonator with a single transduction gap [ Fig. 6(c) ] and, hence, from (24) and (25)
Furthermore, since there is no electrostatic coupling, the response would have only one eigenvalue, as seen from Fig. 7 , which shows the extracted Y-parameter frequency responses of resonators 1 and 2 for the applied dc-bias voltage of +5 V on both resonators in (a) and (b), respectively.
In the case where dc-bias voltages of different magnitude and/or polarity are applied on the two resonators, there exist two eigenvalues due to the effects of electrical coupling arising from the motion of the second resonator relative to the first, as explained previously. This relative motion depends not only on the difference in dc voltages between the resonators but also on the magnitude of the dc voltage applied on the resonator neighboring the one from which the response is measured, as expressed in
, at the second eigenvalue (28) where − − → I m1 and − − → I m2 represent the measured motional currents of resonators 1 and 2, respectively. This was experimentally verified by applying zero voltage on resonator 1 (V dc1 = 0) while maintaining +5 V on resonator 2, thereby canceling out the resonant peak at the first eigenvalue (corresponding to that arising from electrostatic coupling) in the extracted Y-parameter frequency response measured from resonator 2, as shown in Fig. 8 .
Normalizing the measured Y-parameter responses of the two resonators in Fig. 5 using (27) and (28) yields the frequency responses of the individual resonators independent of the effects of the applied dc-bias voltages, as represented in Fig. 9(a) and (b), respectively.
The relative shift in the eigenstate of the system can now be directly deduced from the amplitudes of oscillation of the two resonators at the eigenvalues, as elaborated in Table I .
It can be noticed from Table I that variations in eigenstates are nearly three orders of magnitude greater than the corresponding shifts in the resonant frequency for the same parametric perturbation in stiffness. Furthermore, altering the dc polarization voltages allows for varying the strength of the electrostatic-coupling spring between the two resonators, thereby enabling the manipulation of the parametric sensitivity for a given structural perturbation, as elaborated in Table I . It can be noticed that the coupling-spring constant (k c ) is varied by nearly 40% by simply tuning the difference in voltages between the two resonators. This correspondingly alters the parametric sensitivity (the relative shift in eigenstates) for a given structural perturbation in stiffness.
Ideally, the two electrically coupled tuning-fork resonators are mechanically identical. However, fabrication tolerances limit perfect matching of the resonators, leading to asymmetries in the initial eigenstates. This subsequently results in slight deviations between the observed variations at the eigenvalues and those predicted. This can be observed from Fig. 10 , which compares the experimentally measured variation in eigenstates of the system with theoretical predictions.
The localization of vibration modes owing to initial mechanical asymmetries can be observed from the eigenstates measured at the unperturbed condition corresponding to the application of −5 V on resonator 1 and +5 V on resonator 2. This localization of vibration modes observed before inducing any electrostatic perturbations in stiffness becomes more pronounced at weaker coupling conditions, as expected [from (19) ]. This was experimentally verified by lowering the strength of electrostatic coupling between the two resonators, as shown in Fig. 11 . Varying magnitudes of equal absolute values of voltages but of opposite polarities were applied on the resonators in order to induce different strengths of electrostatic coupling without inducing any electrostatic stiffness perturbations to the system. The transmission frequency responses [normalized to the applied bias voltages using (27) and (28)] obtained from resonators 1 and 2 under different dc-bias conditions are shown in Fig. 11(a) and (b) , respectively.
Under weaker coupling conditions (corresponding to lower difference in dc-bias voltages between the two resonators), the vibration energy gets more confined to one of the resonators, which can be noticed from the variation in eigenstates, as elaborated in Table II .
An effective way of overcoming the issue of initial mechanical asymmetry would be by tuning the bias voltages until a symmetric eigenstate is obtained. This would optimize the sensitivity and is a subject of continuing research.
E. Double-Free-Free-Beam Configuration
Similar experiments were carried out using a pair of electrically coupled nearly identical double-free-free-beam resonators with better fabrication tolerances (owing to larger beam width compared to that of the DETF configuration) and, in effect, better initial mechanical symmetry. DC-bias voltages of +12 and −12 V were applied on resonators 1 and 2 of Fig. 3(b) , respectively, which corresponded to the initial symmetric unperturbed condition. The voltage on resonator 1 was then lowered in steps of one volt down to 10 V keeping the voltage on resonator 2 constant in order to induce an electrostatic perturbation in the stiffness of resonator 1 relative to resonator 2, similar to the previous experiments on the DETF configuration.
The dc-voltage-normalized frequency responses of resonators 1 and 2 for different applied dc-bias conditions are shown in Fig. 12(a) and (b) , respectively.
The percentage variation in eigenstates can be estimated in a similar fashion to that in Table I, as elaborated in Table III .
It can be noticed that variations in eigenstates are about three orders of magnitude greater than the corresponding shifts in the resonant frequency for the same induced perturbations in stiffness. The initial eigenstates of the double free-free beam resonators can be observed to be closer to the perfectly symmetric condition of (7) than the previously considered DETF resonator configuration due to better fabrication tolerances in this system. This consequently leads to a better match between the theoretical and experimentally measured variations in eigenstates, as represented in Fig. 13 .
IV. ADVANTAGES OF MODE-LOCALIZED SENSING
Measuring the shifts in eigenstates due to induced vibration localization yields three distinct advantages for sensor applications over the technique of simply measuring induced resonant-frequency shifts. First, the variation in eigenstates can be orders of magnitude greater than the corresponding shifts in the resonant frequency for the same parametric variation in stiffness or mass. However, it is to be noted that some of these advantages might be lost because shifts in amplitude may not be as accurately measured as those in frequency. Any implementation of a closed-loop oscillator design in these sensors would require considerations of not only the phasenoise performance but also the amplitude noise, including contributions from additive electronic and mechanical noise (e.g., thermal and shot noise) and multiplicative noise (e.g., flicker noise), wherein variations in power lead to variations in noise levels [22] , [23] . In the presence of nonlinearities, additive and multiplicative noise can have different effects on amplitude and phase response. Amplitude-noise measurements can also be more sensitive to deterministic sources of noise, including direct amplitude feedthrough through parasitic capacitive sources and power fluctuations. A deeper study of the effects of noise on mode-localized sensors is a subject of continuing research. Second, such sensors offer the important advantage of intrinsic common-mode rejection. This stems from the fact that the output of the device corresponds to the eigenstate of the system, which is deduced from the amplitudes of both the coupled resonators at the eigenvalues. Any environmental drift should therefore affect both the identical resonators simultaneously to the same degree, thereby allowing for the cancellation of these effects. Thus, an output that is relatively independent of pressure/temperature drift may be obtained. Third, using electrical coupling techniques allows for the realization of a controllable coupling spring and, in effect, a sensor with a parametric sensitivity that can be manipulated based on the application.
V. CONCLUSION
This paper has proposed the use of vibration-mode localization as a highly sensitive method of detecting small parametric variations in the structural properties of electrically coupled micromechanical resonators. Variations in eigenstates that are nearly three orders of magnitude greater than the corresponding shifts in the resonant frequency have been experimentally demonstrated using this approach. The effects of initial mechanical asymmetry caused by fabrication tolerances on the performance of such sensors have also been experimentally investigated by comparing the performance of two electrically coupled resonator configurations with different levels of initial asymmetry. It is envisaged that parametric sensitivities as high as four orders of magnitude greater than resonant-frequency variations can be obtained by using this method of sensing.
While the experimental results shown in this paper correspond to open-loop measurements wherein an externally generated frequency sweep is employed, a closed-loop oscillator design could also potentially be used to attain the required readout. Such high tunable sensitivities, together with the commonmode rejection capabilities of this sensing paradigm, make it an attractive alternative to the more conventional resonantfrequency-shift approach.
